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Abstract
Cylindrically symmetric static manifolds are classified according
to their homotheties and metrics. In each case the homothety vector
fields and the corresponding metrics are obtained explicitly by solv-
ing the homothety equations. It turns out that these metrics admit
homothety groups Hm, where m = 4, 5, 7, 11. This classification is
then used to identify the cylindrically symmetric static spaces admit-
ting the local homotheties, which are globally prohibited due to their
topological construction. Einstein’s field equations are then used to
identify the physical nature of the spaces thus obtained.
PACS numbers: 0240, 0490
Homotheties [1] of metrics are defined to be the vector fields H, along
which the metric tensor (g) remains invariant upto constant scale factor (φ).
This amounts to saying that
LHg = 2φg, (1)
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where H reduces to an isometry, or a Killing vector field (KV) if φ = 0. For
H to be a proper homothety vector field, φ 6= 0. In this paper proper homo-
theties are used to distinguish the static cylindrically symmetric manifolds
which admit SO(2) locally rather than globally and identify the spaces which
have topological defects.
In a local coordinate patch, equation (1) is a system of ten partial differ-
ential equations (PDEs) involving product terms of first-order partial deriva-
tives of the four components Ha(xb), (a, b, ... = 0, 1, 2, 3) of the vector field
H = Ha∂/∂xa and of the ten metric coefficients, all depending in general
upon four variables. Due to their physical significance [2], various authors
have found self-similar solutions of Einstein’s equations by imposing some
constraints on the geometry or on the matter content of the spacetimes [3].
Hall and Steele [4] investigated the Segre´ and Petrov types of spaces that
admit proper homothety groups. They classified all such gravitational fields
for homothety groups, Hm, with m ≥ 6, whereas for m ≤ 5, some general
remarks were given. However, they did not provide the metrics along with
the generators of Hm explicitly.
An alternative approach [5], which was adopted earlier to obtain com-
plete classifications of manifolds admitting some minimal isometry groups,
was further enhanced to obtain the homotheties of spherically symmetric and
plane-symmetric static space [6]. Einstein’s field equations were then used as
the defining equations for the stress-energy tensor. Here the same method is
used to obtain the homotheties and the corresponding metrics for cylindri-
cally symmetric static spacetimes (CSSS), written in generalized cylindrical
coordinates (x0 = ct, x1 = ρ, x2 = θ, x3 = z) as [7]
ds2 = exp[ν(ρ)]dt2 − dρ2 − exp[λ(ρ)]a2dθ2 − exp[µ(ρ)]dz2, (2)
where ’a’ has units of length. Thus the metric admits the group of motions
SO(2)
⊗
R2, where SO(2) = (∂/∂θ), one R = (∂/∂z) and the other R =
(∂/∂t), as the minimal isometry group. The usual cylindrically symmetric
spaces have an axis definable by the limit ρ → 0. This is analogous to the
usual spherically symmetric spaces having an origin as r → 0. However,
there are additional spaces which are classified as spherically symmetric, in
that the manifolds have spacelike 2-sections of constant curvature. These
are the Bertotti-Robinson and similar metrics. They do not have any origin
in the above sense. Correspondingly, for the cylindrically symmetric spaces,
there are those which admit the required group SO(2)
⊗
R2 but do not have
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an axis. We will call these ’cylindrical Bertotti-Robinson metrics’. For the
usual cylindrically symmetric manifolds, the difference between an SO(2)
and an R is easily seen. For the cylindrical Bertotti-Robinson metrics, it is
not a priori clear how to distinguish between them. Using homotheties we
are able to distinguish them.
The metric (2) with ν = λ = µ = 0, aθ replaced by y and ρ by x can
easily be recognized as the Minkowski space which was called the ’wrapped
Minkowski space’ in the classification of CSSS according to their isometries
[8]. In fact, the Minkowski space written in cylindrical coordinates acquired
special interest with its application1 to ’topological field theories’. This met-
ric could alternatively be identified as a CSSS, having a line singularity at
θ = 0, 2pi, with a topological defect.
Equations (1) written in local coordinates,
(Hab) : gab,cH
c + gacH
c
,b + gbcH
c
,a = 2φgab, (3)
are solved for the metric (2) to obtain the required classification. Comparing
(Hi2),3 and (Hi3),2 (i = 0, 1), using (H23) and (H13), one obtains
H0,23 = H
2
,03 = H
3
,02 = 0, (4)
H1,23 = e
µ[(µ′ − λ′)H3,2 +H
3
,21] (5)
and
(e(µ−λ)/2H3,2),1 = 0, (6)
where ’,’ denotes differentiation relative to ρ. Combining equations (4) and
(6), one obtains
(e(µ−λ)/2H3,2),i = 0, (7)
which gives
H3,2 = e
(µ−λ)/2f(θ, z). (8)
Thus from (H23)
H2,3 = −e
(µ−λ)/2f(θ, z), (9)
1The simplest example of a topological field theory constructed on a ’wrapped up’
Minkowski space was presented by R Rajaraman at the 2nd BCSPIN Summer School in
Physics held at Kathmandu, Nepal in 1991. However, it does not appear either in his
write-up of the lectures in [9], or in the standard reference.
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where f(θ, z) is a function of integration. Now, using (H13),2, (H22),32, (H33),32
and equations (8) and (9), yields
f(θ, z),22 + αf(θ, z) = 0, (10)
and
f(θ, z),33 − βf(θ, z) = 0, (11)
where α and β are separation constants given by
λ′(λ′ − µ′)eλ = 4α, (12)
and
µ′(λ′ − µ′)eµ = 4β. (13)
Considering all possible combinations of α and β and using the rest of equa-
tion (Hab), one obtains a complete solution of equation (3), giving H
a and
the corresponding metric components. These results are listed according to
their homothety groups, Hm, as follows.
There are three metrics admitting four homotheties:
(a)
ν = 2α ln(ρ/ρ0), λ = 2 ln(ρ/a), µ = 0, (α 6= 0, 1)
H0 = (1− α)φt+ C0, H1 = ρφ, H
2 = C2, H
3 = φz + C3, (14)
of Petrov type I [8] and Segre´ type [1,111] [8];
(b)
ν = 2α ln(ρ/ρ0), λ = µ = 2β ln(ρ/ρ0), (α 6= β and α, β 6= 0, 1)
H0 = (1− α)φt+ C0, H1 = ρφ,
H2 = (1− β)φθ + C2, H
3 = (1− β)φz + C3, (15)
of Petrov type D and Segre´ type[1,(11)1];
(c)
ν = 2α ln(ρ/ρ0), λ = 0, µ = 2 ln(ρ/ρ0),
H0 = (1− α)φ, H1 = ρφ, H2 = φθ + C2, H
3 = C3, (16)
of Petrov type I and Segre´ type [1, 111].
There are three metrics admitting five homotheties, which are:
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(a)
ν = 2 ln(ρ/ρ0), λ = 2 ln(ρ/a), µ = 0,
H0 = C1θ + C0, H
1 = ρφ,
H2 = (C1/ρ
2
0)t+ C3, H
3 = φz + C3, (17)
of Petrov type D, Segre´ type [1, 111];
(b)
ν = µ = 2 ln(ρ/ρ0), λ = 0,
H0 = zC1 + C0, H
1 = ρφ,
H2 = φθ + C3, H
3 = C1t + C3, (18)
of Petrov type D, Segre´ type [1,111],
(c)
ν = 0, λ = 2 ln(ρ/a) = µ,
H0 = φt+ C0, H
1 = ρφ,
H2 = (−z/a)C4 + C2, H
3 = aθC4 + C3, (19)
of Petrov type D, Segre´ type [(1,1)(11)].
There is only one metric admitting seven homotheties:
ν = λ = µ = 2α ln(ρ/ρ0), (α 6= 0, 1)
H0 = C1z + αθC3 + (1− α)φt+ C0,
H1 = ρφ,
H2 = (−z/a)C4 + (1− α)φθ + (t/a)C3 + C6,
H3 = aθC4 + (1− α)φz + C1t+ C2, (20)
of Petrov type D, Segre´ type [1,(11)1].
There are three metrics admitting 11 homotheties, other than proper
Minkowski space which admits H = φ(t∂/∂t + ρ∂/∂ρ + z∂/∂z) as a proper
homothety vector. They are:
(a) ν = λ = 0, µ = 2 ln(ρ/ρ0) with
H = φ(t∂/∂t + ρ∂/∂ρ + θ∂/∂θ) + z∂/∂z), (21)
(b) ν = λ = µ = 0, with H = φ(t∂/∂t + ρ∂/∂ρ + θ∂/∂θ + z∂/∂z),(22)
(c) ν = 2 ln(ρ/ρ0), λ = µ = 0 with
H = φ(ρ∂/∂ρ + θ∂/∂θ + z∂/∂z). (23)
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In equations (14)-(23), there are two types of solutions: one in which the
H2 component of the proper homothety vector field is zero; and the other
in which it is non-zero and involves θ. This shows that in the first type of
solution, the homotheties can be extended globally, whereas in the latter this
is not possible due to a line singularity at θ = 0, 2pi. This is how one can
identify the topologically constructed spaces, even if they are non-flat.
As a result of this classification, we see that there exist cases of four,
five, seven and 11 homotheties. The metrics given by equations (21)-(23);
equation (20); equation (18) and equations (15) and (16) admitting 11, seven,
five and four homotheties, respectively, do not appear in the classification
of Hall and Steele [4] due to their topological construction, as these admit
homotheties which cannot be extended globally. However, the spaces other
than the proper Minkowski space given by equations (14) and (17), where
the homothety vector fields could be globally extended, match their solution.
The metric given by equation (19) can be considered to be that of equation
(17) written in different coordinates.
The metric given by equation (15) represents a perfect fluid for β =
α(α − 1)/(α + 1), whereas it represents a non-null electromagnetic field for
β = α + 1. Both conditions are satisfied when α = −1
3
and β = 2
3
. The
metric given by equation (19) represents a non-null electromagnetic field. The
metric given by equation (20) represents a tachyonic fluid and could be re-
interpreted as an anisotropic fluid with an appropriately chosen cosmological
constant. All other metrics are non-physical. Of course, any non-physical
metric could be re-interpreted as a physical metric with an appropriately
chosen cosmological constant. However, these metrics are not of particular
interest.
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